Abstract. In this note we compute a constant N that bounds the number of non-primitive divisors in elliptic divisibility sequences over function fields of any characteristic. We improve a result of Ingram-Mahé-Silverman-StangeStreng, 2012, and we show that the constant can be chosen independently of the specific point and to some extent of the specific curve, as predicted in loc. cit.
Introduction
Let E be an elliptic curve over the function field K(C) of a smooth projective curve C of genus g(C) over an algebraically closed field K. Let S be the KodairaNéron model of E, i.e. a smooth projective surface with a relatively minimal elliptic fibration π : S → C with a generic fibre E and a section O : C → S, cf. [23, §1] , [26, Chap. III, §3] . We always assume that π is not smooth. Let P be a point of infinite order in the Mordell-Weil group E(K(C)). To formulate the main problem we define a family of effective divisors D nP ∈ Div(C) parametrized by natural numbers n. For each n ∈ N the divisor D nP is the pullback of the image O of section O through the morphism σ nP : C → S induced by the point nP D nP = σ * nP (O) . We call such a family an elliptic divisibility sequence. We say that the divisor D nP is primitive if the support of D nP is not completely contained in the sum of supports of the divisors D mP for all m < n. Otherwise we say that the divisor D nP is non-primitive.
The study of elliptic divisibility sequences dates back to the work of Morgan Ward [34, 35] . Silverman in [27] established that for elliptic divisibility sequences over Q the number of non-primitive divisors is finite. This result was investigated further by several authors [4, 5, 10, 12, 15, 29] . In another direction Streng [31] generalized the primitive divisor theorems for curves with complex multiplication. Several authors studied also the question of existence of perfect powers in divisibility sequences, cf. [3, 6, 20] . In the context of elliptic divisibility sequences over function fields the finiteness of the set of non-primitive divisors for elliptic curves over Q(t) was proved in [3] . In parallel such questions have been studied also for Lucas sequences [7] . In [28] common divisors of two distinct elliptic divisibility sequences were studied. For a general function field of a smooth curve in characteristic zero, the first general theorem about primitive divisors in elliptic divisibility sequences was proved in [11] . The authors of [11] ask the following question: For a fixed elliptic curve E over a function field and a point P of infinite order is it possible to give an explicit upper bound for the value of a constant N = N (E, P ) such that for all n ≥ N the divisor D nP in the elliptic divisibility sequence is primitive?
Such a bound N (E, P ) always exists by [11, Thm. 5.5] but the proof does not indicate how to make the bound explicit or uniform with respect to E and P .
In this note we investigate the existence of uniform bounds for the number of non-primitive divisors. In Section 2 we formulate our main theorems. There is a considerable difference between the formulation and proof of theorems in characteristic zero and positive so we do state them separately. In Section 3 we establish necessary notation that will be used through the paper. In Section 4 we gather basic facts about the canonical height function and the relation between the discriminant divisor of an elliptic curve and the Euler characteristic of the attached elliptic surface. The crux is the explicit recipe for the height function due to Shioda [23] , that will be used in critical places to get the estimate on the number of non-primitive divisors in the divisibility sequence. Section 5 contains a couple of properties of arithmetic functions used in the proofs of main theorems. In Section 6 we discuss the analogue of Lang's conjecture on canonical height of points over function fields. We use the results of [9] and [19] to produce effective bounds for fields of arbitrary characteristic.
In Section 7 we explain a relatively simple proof of theorems formulated for function fields of characteristic 0. The main idea of the proof is to combine the explicit approach to height computations of [23] with the bounds for minimal heights of points proved in [9] . A crucial step in the proof relies on the formula that relates the Euler characteristic χ(S) to the sum of numbers that depended on the Kodaira types of singular fibres of π.
In Section 8 we prove the main theorems in positive characteristic. The main steps of the proof are similar to the characteristic 0 case, however there are significant differences due to the presence of inseparable multiplication by p map. In the last section we gather several examples for which we compute explicitly the exact number of non-primitive divisors. We also explain how the main theorems fail in positive characteristic p for elliptic curves with p-map of inseparable degree p 2 .
Main theorems
Our convention is to work with function fields K(C) over algebraically closed field K of constants. However, the main theorems can be formulated for a smooth, projective geometrically irreducible curve C over a field K that is a number field or a finite field. In such a case, an elliptic curve E is defined over the field K(C) and the elliptic surface π : S → C attached to E/K(C) is a regular scheme S over K with a proper flat morphism π into C and such that its base change to the algebraic closure K is an elliptic surface in the usual sense. Every point v ∈ C(K) corresponds to a normalized valuation of K(C). We say that v is a primitive valuation of D nP when v is contained in the support of D nP and does not belong to the support of any D mP for m < n, cf. [11, Def. 5.4] . In this terminology we can say that D nP is primitive if and only if it has a primitive valuation and similarly D nP is non-primitive whenever it does not have a primitive valuation.
From now on we assume that K = K, unless otherwise specified. Let E be an elliptic curve over the field K(C) with at least one fibre of bad reduction and let P be a point of infinite order in E(K(C)). Let π : S → C be an elliptic surface attached to E. Consider a divisibility sequence {D nP } n∈N . Proofs of both theorems are presented in Section 7. Now let us assume that p = char K(C) ≥ 5. Let p r be the inseparable degree of the j-map of E if j is non-constant, otherwise we put 1. Let us assume that the multiplication by p-map has inseparable degree p. We say that E is tame when locally at all places the valuation of the leading term of the formal group homomorphisms [p] is less than p. Otherwise we say that E is wild, cf. Definition 8.3. Both assumptions imply that E is ordinary or in other words that it has ordinary reduction at all places, cf. Section 8. When the multiplication by p map is of inseparable degree p 2 we can find examples of curves with infinitely many non-primitive divisors in the divisibility sequence. They are discussed in Section 9.
3. Notation
-the function field of a curve C over a field of constants K; the field K will usually be algebraically closed, unless otherwise specified
Preliminaries
We will use the notation similar to that in [23] . By ·, · : E(K(C))×E(K(C)) → Q we denote the symmetric bilinear pairing on E(K(C)) which induces the structure of a positive-defined lattice on E(K(C))/E(K(C)) tors , cf. [23, Thm. 8.4] . The pairing ·, · induces the height function P → P, P which corresponds to the canonical height. For a point P ∈ E(K(C)) we denote by P the image of its associated section σ P : C → S in the given elliptic surface model. By C 1 .C 2 we denote the intersection pairing of two curves C 1 , C 2 lying on S. We denote by G(F v ) the group of simple components of the fibre Figure 1 , following [26, Chap. IV, §9], we present all possible group structures of G(F v ) corresponding to different Kodaira types of singular fibres F v . We denote by B the set of all places v ∈ C of bad reduction. Figure 1 . Group of components of fibre with a certain Kodaira type Figure 2 . Values of correcting terms c v (P, Q) for all possible singular fibre types with at least two components By [23, (2.31) ] it is possible to write the height pairing in terms of explicit numbers. We denote by c v (P, Q) the correcting terms that are determined by computation of intersection of curves P and Q in the fibre above v, cf. Figure 2 reproduced from [23, 8.16] . The values c v (P, Q) depend on the numbering of components in the fibre above v. For a point P we denote by comp v (P ) the component above v that intersects the curve P . For a fibre F v above v we only label the simple components. The unique component that intersects the image of the zero section O is denoted by Θ v,0 and we put comp v (P ) = 0 if the image P intersects Θ v,0 . For the fibres of type I n with n > 1 we put labels Θ v,0 , Θ v,1 , . . . , Θ v,n−1 cyclically, fixing one of two possible choices. For F v of type I * n we denote by Θ v,1 the component which intersects the same double component as Θ v,0 . The other two simple components Θ v,2 and Θ v,3 are labelled in an arbitrary way. For the other additive reduction types we choose one fixed labelling (the order is irrelevant). For two points P and Q we put c v (P, Q) = 0 whenever comp v (P ) = 0 or comp v (Q) = 0. The non-trivial cases are described in Figure 2 . In [23, Thm. 8.6 ] it is proved that
In particular we have the equality
The notion of canonical height from [9, §1] is slightly different from the notion of the height determined by ·, · . In fact the first is defined by the limit
using our notation. 
Arithmetic functions
We will use further two arithmetical functions:
For the applications in Section 7 it is often enough to use the trivial bound d(n) ≤ n. However, for the applications in Section 8 a stronger bound [17] is required
5379 log 2/ log log n for n ≥ 3.
We easily obtain the following estimate
It implies that for any n > 0 we have
For a fixed prime number p we define also functions
We denote by v p (n) the standard p-adic valuation of n at p.
2 (n) and d (p) (n) are multiplicative and they satisfy:
where n = n 0 p e , p ∤ n 0 and e = v p (n).
2 (n) is a convolution of f (n) with σ 2 (n). The multiplicativity follows and the rest is an easy exercise.
Bounds on the canonical height
In this section we collect together certain lower bounds on canonical height h E (P ) of a point of infinite order. The first presented bound is slightly weaker than the analogue of Lang's conjecture [9] but its proof relies entirely on the theory of Mordell-Weil lattices and the outcome does not depend on the characteristic of the field K(C).
Lemma 6.1. Assume E is an elliptic curve over K(C). Let P be a point of infinite order in E(K(C)). Then
Proof. If P is a point of infinite order in E(K(C)), then the height P, P is positive. More precisely if we put
then P, P ≥ 1/m by [23, Lem. 8.3] and [23, Thm. 8.4] . The quantity 1/ P, P is bounded from above by LCM ({|G(F v )| : v ∈ B}) and
where B mult,≥2 denotes the set of places v of multiplicative reduction and such that m v ≥ 2. We take the smallest possible a ∈ R such that for all integers n ≥ 2 we have n ≤ a n . It implies that a = sup n≥2 n 1/n = 3 1/3 . It follows from (4.3) that
To finish the proof we apply (4.2).
We define the conductor of E to be a divisor N E = v∈C u v (v) where
if the fibre at v is multiplicative, 2 + δ v if the fibre at v is additive, and the nonnegative numbers δ v are zero for char
r be its inseparable degree. If char K(C) = 0, then we put 1.
Theorem 6.2 ([19, Thm. 0.1]). Assume E is an elliptic curve over K(C). Let p denote the characteristic of K(C). When the map j(E) is constant or
p = 0, then deg ∆ E ≤ 6(2g(C) − 2 + deg N E ).
When j(E) is non-constant, p > 0 and p r is its inseparable degree, then
We denote by σ E the so-called Szpiro ratio which is defined as
We denote by LCM (1, 2, . . . , n) the least common multiple of all integers in the interval [1, n] .
. Let E be an elliptic curve over K(C) and let P be a point of infinite order. Let M ≥ 1, N ≥ 2 be any integers. Then
The following fact is due to Rosser and Schoenfeld [22] . For the proof see [9, Lem. 4.3] .
Lemma 6.4. For all integers
We reproduce the main result of [9] with slightly corrected numerical constants.
Proof. From the first assumption and Theorem 6.2 it follows that σ E ≤ 12. To prove the first inequality we apply Theorem 6.3 with M = 213 and N = 13.
To prove the second statement we assume that
By assumption our curve has at least one place of bad reduction, hence deg N E ≥ 1. The definition of σ E implies that
Let M = 601g(C) and N = 25g(C). We combine Theorem 6.3 with Lemma 6.4. It follows that
We can now proceed in a similar way to obtain the analogue of Lang's conjecture for function fields K(C) of positive characteristic. The bound is worse than in characteristic 0 case, because we have to take into account the inseparable degree of the j-map.
Lemma 6.6. Let P be a point of infinite order on E over K(C) of positive characteristic p and assume that the j-map of E has inseparable degree
We take M = 200x 2 and N = 12x + 1. Lemma 6.4 combined with Theorem 6.3 implies that
where
For M and N as before we obtain
Remark 6.7. In positive characteristic and for constant j-map the bound on h E (P ) can be as good as in Theorem 6.5. For K(C) with char K(C) = 0 we can even prove
[9, Thm. 6.1]. However, to simplify the statements, we don't make a distinction because the general weaker bounds apply as well. 
From this definition it follows by [11, Lem. 5.6 ] that
It follows that for a divisor D nP which has no primitive valuations, i.e. such that Supp D nP ⊂ m<n Supp D mP the following inequality
holds. We apply the formula of Shioda for the height pairing to make the terms O(1) from the proof of [11, Thm. 5.5] explicit. We rely fundamentally on the following estimate
We define two quantities that will be used frequently
Assume n > 1 and D nP is not primitive. We apply formulas (4.1) and (7.1) to obtain the following chain of inequalities and equalities
This can be rewritten in the following form
Lemma 7.1. Let P be a point of infinite order in E(K(C)) and let n > 1 and assume D nP is not primitive. Then
Proof. Since n > 1 it is always true that d(n) ≥ 2, the factor χ(S) is always positive and the terms in C 1 (n, P ) are also non-negative by their definition. It implies that we can drop first two terms of the inequality (7.2).
Let
the curve P intersects the same component as the curve O in every fibre of π : S → C. For such points we always have c v (P, P ) = 0.
Corollary 7.2. With the notation from the previous lemma if
Proof. We use the inequality (7.3) and apply the assumption C 2 (n, P ) = 0. It follows by (5.2) that
We can divide by h E (P ) because P is a point of infinite order, hence
and n = 0. 
Lemma 7.5. Let K(C) be a field of characteristic 0. Let P be a point in E(K(C)). Then
Proof. This follows simply from the definition of C 2 (n, P ) and Lemma 7.3.
Corollary 7.6. Let P be a point of infinite order in E(K(C)). Suppose that D nP
is not primitive, then
Proof. Combine Lemmas 6.1, 7.1 and 7.5.
Proof. To bound the quantity 1/ h E (P ) we apply Theorem 6.5. Suppose that
Combining this with the argument in Lemma 7.5 we obtain
It follows that
On the contrary, when χ(S) < 2(g(C) − 1) we get
Similarly, we get
The corollary follows from those two estimates.
Proof of Theorem 2.1. We have the trivial estimate d(n) ≤ n. Corollary 7.7 implies that n 2 ≤ Cn for a constant C that depends only on g(C). So n ≤ C and the theorem follows.
Proof of Theorem 2.2. There exists a constant C that depends only on χ(S) as in Corollary 7.6 such that n 2 ≤ Cn.
Remark 7.8. If we assume that n ≥ N 0 where N 0 is sufficiently large, we obtain due to (5.1) a much better bound for d(n). This will lead in practice to a much smaller bound for the number of non-primitive divisors.
Characteristic p argument
Let v be a discrete valuation on K(C). It determines the completion K(C) v of the field K(C) with respect to v with ring of integers R v and maximal ideal M v . We consider below only fields K(C) of characteristic at least 5. For an elliptic curve E over K(C) we consider its minimal Weierstrass model E (v) 
Lemma 8.1. Let E over K(C) of characteristic p > 3 be an ordinary elliptic curve and let χ(S) denote the Euler characteristic of the attached elliptic surface
π : S → C. Then (p − 1)χ(S) = v∈C h E,v .
Proof. For any place v in K(C) we fix a minimal model E (v) of E at v with Hasse invariant H(E, v). Let ∆ ∈ K(C) be the discriminant and let H(E) ∈ K(C) denote the Hasse invariant of one arbitrarily chosen model E
(v0) at v 0 . We denote by ∆ v the minimal discriminant of E at v. For each v there exists an integer n v such that
From [13, it follows that 
Elements ∆ and H(E) correspond to functions ∆, H(E)
To finish the proof we apply 12χ(S) = v∈C e(
We generalise [11, Lemma 5.6 ] to the case of positive characteristic. We note that a similar lemma can be obtained in the number field case, cf. [30] .
Lemma 8.2. Let E be an ordinary elliptic curve over K(C), field of characteristic p. Let {D nP } n∈N be an elliptic divisibility sequence attached to a point P in E(K(C)) of infinite order. Let v denote a place in K(C). Let m(v) be a positive integer defined as follows
If h E,v ≤ p − 1, then for all n ≥ 1 the following equality
)⌉ be an integer. For h E,v ≥ p and for all n ≥ 1 the following equality
(v) ). Function δ(e) depends on P and v and satisfies the estimates for
e ≥ 1 p · p e − 1 p − 1 ≤ δ(e) ≤ p 2e m(v) 2 h E (P ) + 1 2 χ(S) − p e .
Proof. Let E(K(C)) v,r denote the set
{P ∈ E(K(C)) : ord v σ * P O ≥ r} ∪ {O}.
It follows from its definition that E(K(C)) v,r is a subgroup of E(K(C)). Number ord v D nP equals max{r ≥ 0 : nP ∈ E(K(C)) v,r }. We consider the completion K(C) v of field K(C) with respect to v, with integer ring R v and maximal ideal
M v . Suppose that d 0 := ord v D m(v)P and d := ord v D nP ≥ 1. The subgroups {E(K(C)) v,r } r≥1 form a nested sequence so GCD(m(v), n)P ∈ E(K(C)) v,min{d0,d} .
Minimality of m(v) implies that m(v) ≤ GCD(m(v), n), hence m(v) | n.
By [25, Chap.VII, Prop. 2.2] there exists an isomorphism
given by (x, y) → −x/y and where
For an integer n coprime to p and P ∈ E(K(C)) v,1 we have
By iteration we obtain
. After e iterations this implies that
If e is greater than k, then we have 
Function f (E, P, n, v) is defined as the difference
We can summarize the computations above in the following corollary.
Corollary 8.4. Let p > 3 be a prime number. Let E be an ordinary elliptic curve over K(C) and let P be a point of infinite order on E. Assume n is such that D nP is a divisor without primitive valuations. When p ∤ n, then
We apply the degree function to (8.3) . If n is such that D nP has no primitive divisors and p | n (p > 3), then
Now we redo the computations from characteristic 0
Lemma 8.5. Let p > 3 be a prime and let char K(C) = p. Let P be a point of infinite order in E(K(C)) and let n > 1 and assume D nP is not primitive. When
Proof. For n coprime with p Lemma 8.2 implies that our inequalities reduce to the situation known from characteristic 0. Assume now that p | n. Since n > 1 it is always true that d (p) (n) ≥ 2, the factor χ(S) is always positive and the terms in C 1 (n, p, P ) are also non-negative by their definition and the lemma follows.
We need to establish some crude estimates of C 2 (n, p, P ) and C 3 (n, p, P ). Lemma 8.6. Let p > 3 be a prime and let char K(C) = p. Let P be a point of infinite order in E(K(C)) and let n > 1 and assume D nP is not primitive. We obtain the estimate
Proof. We apply Lemma 7.3 to prove the inequality (8.4).
To get a uniform result we have to estimate the sum W (E, P, n) independently of n. To achieve this we prove a technical lemma.
Lemma 8.7. Let E and P be given. Let v denote a place in K(C) and assume
Then one of the cases holds
• E at v has good reduction and then p ∤ m(v).
• E at v has additive reduction and then m(v) | 12p.
• E at v has multiplicative reduction and h E,v > 0 cannot both occur.
Proof. Assume first that E has good reduction at v. 
Finally, let E at v have multiplicative reduction. The normalised v-adic norm of j(E) is greater than 1. There exists a parameter q ∈ M v such that j(E) = j(q) ([21, §3, VII]) and the curve
has j-invariant equal to j(q), has discriminant ∆(q) and is an elliptic curve over
It implies that the Weierstrass model E q is minimal at v and the curves E and E q are isomorphic over some extension L of K(C) v . The isomorphism corresponds to a change of coordinates between a minimal Weierstrass model of E (with coordinates x ′ and y ′ ) and E q with x → u 2 x ′ + r, y → u 3 y ′ + u 2 sx ′ + t where u, s, t belong to the ring of integers of L. We have also ord v (u) = 0 so the equality h Eq,v = h E,v holds by [13, . By [14, Thm. 12.4.2] we have h Eq,v = 0, which contradicts our assumption h E,v > 0.
For the next two lemmas assume that E is an ordinary elliptic curve over K(C), field of characteristic p > 3. Let {D nP } n∈N be an elliptic divisibility sequence attached to a point P in E(K(C)) of infinite order and let S → C be an elliptic surface corresponding to E. We denote by e the p-valuation v p (n) of n.
Proof. In the tame situation we have f (E, P, n, v)
Combination of this equality with Lemma 8.1 proves the statement.
Denote by Σ g and Σ a the set of places of respectively good and bad additive reduction of E.
Lemma 8.9. Let E be wild and let
The following estimates hold for any n and P of infinite order
Proof. From Lemma 8.2 we can split the expression deg W (E, P, n) into two parts and estimate them separately.
deg W (E, P, n) = Proof. Let n be an integer such that the divisor D nP has no primitive valuation. Let us first assume that p ∤ n. Lemma 8.5 implies that
We combine the estimate σ 2 (n) < ζ(2)n 2 with the estimate from Lemma 7.5. The only difference with characteristic zero case is that we apply now the height estimate for h E (P ) from Lemma 6.6. It follows that there exists an effective constant N 1 = N 1 (g(C), p r ) such that n ≤ N 1 . Let us assume that p | n. After Lemma 8.5 we have
By Proposition 5.1 it follows that
and in simplified form
where by θ(p) we denote 2 − 1 + 1 p ζ (2) . We apply Lemma 8.6 and get the bound
and again by Proposition 5.1 it follows that
We rearrange the sum and drop several terms to get We have n 0 ≥ 1 hence αn ≤ βn ǫ + γ for explicit α, β and γ that depend on p and r only. Such an inequality can hold only for finitely many n. We conclude that there exists a constant N = N (p, r) such that for n ≥ N the divisor D nP has a primitive valuation.
For χ(S)
holds. In a similar way as above we obtain a bound N = N (g(C), p, r) such that for n ≥ N the divisor D nP has a primitive valuation.
Remark 8.12. We observe that our leading assumption p > 3 is needed to get a positive lower bound on θ(p). We leave it as an open question whether it is possible to establish the general result that will incorporate prime characteristics 2 and 3.
Let us assume that E is defined over K(C) where the field of constants K of K(C) is not algebraically closed. For char K(C) = p we put K = F q where q = p s for some positive s. We consider a point P in E(K(C)). It is possible to construct the fibration π : S → C such that the generic fibre is E over K(C) and the fibres above v ∈ C(K) are defined over the field k(v) which has deg v : Proof. We proceed in a similar way to the proof of Theorem 8.11. Let n be an integer such that the divisor D nP has no primitive valuation. For p ∤ n we follow the reasoning from the proof of Theorem 8.11. For p | n , let e = v p (n). We arrive at the inequality 
)⌉ and suppose e ≤ k. From Lemma 8.9 it follows that
We conclude that there exist explicit constants α, β and γ that depend on χ(S), p and s such that
We bound trivially d(n) by n from above. When we have
18p r holds and the inequality is true only for finitely many n under the assumption p ≥ 5. There is an explicit constant N which depends on χ(S), p, s and r such that for n ≥ N the divisor D nP has a primitive valuation. For χ(S) < 2 · p r (g(C) − 1) we produce a constant N that depends additionally on g(C).
Finally, for e > k we find explicit constants α, β, γ that depend on χ(S), p and s such that
For n ≥ 19 we have d(n) ≤ n ǫ with ǫ = 0.988. Now we proceed as in the proof of Theorem 8.11.
Examples
We present several examples where we establish the exact set of non-primitive divisors for concrete elliptic divisibility sequences. The first example deals with an infinite family of curves in characteristic 0. We prove that as follows from the theorem the constant is absolute and in this case equals 1, i.e. all divisors are primitive.
The second example deals with the curve in characteristic p = 7 where the jmap is inseparable. The next three examples indicate what happens when the field K(C) is of positive characteristic and we allow the function H(E) to vanish. We show that there are infinitely many non-primitive divisors in a sequence. They all rely on the fact that the multiplication by p map is inseparable of degree p 2 .
Example 9.1. We present now an example where the constant can be explicitly determined for a large family of elliptic curves with base curve C = P 1 and χ(S) unbounded. The computations performed in this example inspired the proof of the general case for characteristic 0 fields.
Computations in the example are based on [16] . Let f, g, h ∈ Q[t] be polynomials of positive degree without a common root that satisfy
over the function field Q(t). There exists a point Q = (−g 2 , √ −2g 2 h) of infinite order on this curve. In the example we present an explicit argument that for all n ∈ N the divisors D nQ are primitive. Note that χ(S) = deg f if deg g ≤ deg f so the Euler characteristic can be made unbounded. We can take for example polynomials
for any m ∈ N. The equation E f,g,h represents the globally minimal Weierstrass model of the given elliptic curve. Its fibres of bad reduction are above the points a ∈ Q such that f (a) = 0 or g(a) = 0 or (f 2 − g 2 )(a) = 0 or a = ∞. The correcting terms in the Shioda's height formula are recorded in Table 1 . We denote by v a (η) the order of vanishing of a polynomial η at a. We also denote c v (R, R) by c v (R). The height Q, Q equals deg f . By the bilinearity of the height pairing ·, · we Example 9.2. Let C = P 1 with parameter t for its function field K(C). Assume that K = F 7 . The curve E : y 2 = x 3 − t 3 x + t has bad reduction at t = 0 (type II), t = 5 (type I 7 ) and t = ∞ (type III). The associated elliptic surface π : S → C satisfies χ(S) = 1 and hence S is a rational surface with Picard number equal to 10. By Shioda-Tate formula [23, Cor. 5.3] the group E(F 7 (t)) has rank 1 and by [18] is generated by P = (3t + 2, 2t 2 + t + 1) which has canonical height h E (P ) = . The four points P, 2P, 3P and 4P are integral with respect to t. We prove below that these are the only integral points with respect to t and its inseparable degree is 7. We check that for v = 0, ∞ we have h E,v = 0 and h E,0 = 1, h E,∞ = 5, and m(0) = 7, m(∞) = 14. Information from The sequence {D p k P } k≥0 of divisors has support only at t = ∞: D P = 0 and D p k P = (p 2 − 1)(∞) for k ≥ 1. Hence the sequence {D nP } n≥1 has infinitely many elements that have no primitive valuation.
There is nothing special about the point P so we can pick any K(C)-rational point Q on E (r) 0 and there will exist again infinitely many divisors D nQ for n ≥ 1. From our construction it follows that H(E) = 0 ∈ K(C). Example 9.4. Let E be an elliptic curve over F 2 (t) with globally minimal Weierstrass equation E : y 2 + ty = x 3 + x.
We consider the point P = (1, 0) which is of infinite order in E(F 2 (t)). Multiplication by 2 map on E satisfies the equality .
So for l ≥ 2 we have Supp D 2 l P = {(0)} and for every l ≥ 3 the divisor D 2 l P is not primitive.
Example 9.5. Let E be an elliptic curve over F 3 (t) with globally minimal Weierstrass equation E : y 2 + txy = x 3 + 2t 2 x 2 + (2t 2 + 1)x + (2t 2 + 1).
The point P = (1, 0) is of infinite order in E(F 3 (t)). We check that
x( [3] (x, y)) = 1 (1 + t) 4 (2 + t) 4 x 9 + 2t
(1 + t)(+ t) .
For l ≥ 1 the divisor D 3 l P is supported at 1 and 2 and for l ≥ 2 it is not primitive. 
